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TRANSFORMATIONS OF TRAJECTORIES ON A SURFACE. 

By Joseph Lipka. 

1. Trajectories and their properties. In a recent paper* the author 
proved five geometric properties which completely characterize the 
system of «' trajectories generated by the motion of a particle on any 
constraining surface under any positional field of force. The purpose of 
this paper is to study the point transformations on the surface which leave 
some or all of these properties invariant. Each of these properties to- 
gether with those preceding it defines a type of systems of «> ' curves on 
the surface, and our problem is to find the nature of the transformations 
which convert any system of such a type into a system of the same type, f 
We shall here briefly state these properties, giving the differential equa- 
tions of the systems of curves defined by them. 

Let us consider the surface whose equations are 

X = x{u, v), y = y{u, v), z = z{u, v), 

referred to an orthogonal set of parameter curves, | so that the element of 
length has the form 

(1) ds' = Edu' + Gdv\ 

Property I. If the <x> i curves passing through a given point in a given 
direction have associated with them their orthogonal projections in the 
tangent plane to the surface at the given point, then the locus of the foci 
of the osculating parabolas of the associate system is a bicircular quartic 
with the given point as node and the given direction as tangent line; this 
tangent line is also one of the asymptotes to the hyperbola which is the 
inverse of the quartic with respect to the given point. 

The most general system of <» ^ curves on a surface possessing property 
I is defined by a differential equation of the form 



* Motion on a surface for any positional field of force, Proc. Amer. Acad. Arts and Sci., vol. 56, 
no. 4, pp. 155-182. We shall hereafter refer to this paper by the title "Proceedings." 

t For the corresponding problem in the plane, see E. Kasner, The trajectories of dynamics, 
Trans. Amer. Math. Soc, vol. 7, p. 418. 

Jin "Proceedings" we used an isothermal set of parameter curves, so that some of the 
equations had a simpler form. But for a discussion of point-transformations we find it necessary 
to use a more general parameter system. 
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102 JOSEPH LIPKA. 

(7) v'" = A + Bv" + Cv"\ 

where A, B, C are arbitrary functions of u, v, v'.* 

Property II. The two tangents at the node of the focal locus, associated 
with each element {u, v, v') by property I, are such that the one which has 
the direction of the given element bisects the angle between the other and 
a certain direction 03{u, v) through the given point (this direction is that 
of the force vector in the case of a trajectory system). 

The most general system of oo ' curves on a surface possessing properties 
I and II is defined by a differential equation of the form 

(77) v"' = A+ Bv" + -7-^ v"% 

where A and B are arbitrary functions of u, v, v', and w is an arbitrary 
function of u, v. 

Property III. Through every point and in every direction through 
that point there passes one curve of the system which hyperosculates its 
corresponding geodesic circle of curvature. The locus of the centers of 
geodesic curvature of the <»^ hyperosculating trajectories which pass 
through a point is a conic passing through the point in the direction 
w{u, v) of property 77. 

The most general system of oo ^ curves on a surface possessing properties 
I, II, III is defined by a differential equation of the form 

(777) (« - v')H' = H{yo + Ti?'' + 72«'" - ^v"), 

involving four arbitrary functions, 70, 7i, 72, w of u, v, and where 

/o\ rr // Ev . ( Gu Eu\ , , f Gv Ev\ ,2 . Gu ,3 _ f. 

(2) H^v' -^ + [^^-^)v +[^^-^)v +^v -0 

is the differential equation of the geodesies on the surface, and 

H' = dHjdu. 

Property IV. With each point on the surface, property 777 associ- 
ates a direction, viz., the tangent to the central locus or conic. The 
totality of all such directions on the surface defines a simple system of 
00 1 curves, which may be called the tangential lines (these are the lines of 
force in the trajectory system). The geodesic curvature of the tangential 
line through is equal to 3 times the geodesic curvature of that hyper- 
osculating curve which passes through in the same direction. 

The most general system of 00 ^ curves on a surface possessing properties 
7, 77, 777, 7F is defined by a differential equation of the form (777) to- 

* Throughout this paper, subscripts refer to partial derivatives with respect to the indicated 
variable and primes refer to total derivatives with respect to w. 



TRANSFORMATIONS OF TRAJECTORIES ON A SURFACE. 103 

gether with a condition on the functions 70, 7i, 72, w, i.e., by 



{IV) 



(a, - v')H' = H{yo + yW + yW"" - Zv") 
7o + 7iw + T2W^ = («„ + a)w„) 

r Ev f Gu E„\ , ( G„ Ev\ 2 , (t„ ,"] 



Property V. Construct any isothermal net on the surface. At any 
point this net determines two orthogonal directions in which there pass 
two isothermal curves of the net and two hyperosculating curves of 
property ///. If pi, p2, Ri, R^ are the radii of geodesic curvature of these 
four curves, S\, s^, the arc lengths along the isothermal curves, and w, the 
tangent of the angle between the tangent line to the conic of property III 
and the isothermal curve with arc S2, then as we move along the surface 
from 0, these quantities vary so as to satisfy the relation 



where 



ds2\K\) dSiXKi) piKi P2K2 dSidSi^ ° ' ' 

Kl \Pl Rl) ' K2 wVP2 R2J 



The most general system of 00 ' curves on a surface possessing properties 
I, II, III, IV, F is defined by a differential equation of the form 

where 



(3) 



_ xl^Eu + 4>E, G^Pu - ^Gu . _ cj>E, - E4>. ypG„ + <j>G, 
^» ~ EG "^ G^ ' ^' ~ E^ ~ EG 

_ 2ypE, - 2<t>Gu G^p, - xPG, <f>E^ - E<p^ 
' ~ EG + (?2 ■*" ^2 ' 



and where <f> and xf/ are arbitrary functions of u, v. 

Equation (F) is the differential equation of the system of «' trajec- 
tories generated by a point moving on a surface under any positional 
field of force, the components of which along the tangent Unes to the 
parameter curves are 4>jVE and ip/VG.* These determine a direction 

* The trajectories on a surface are in general defined by the Lagrangian equations 

dt\du) du ^' dt\ dv) dv *' 

where T is the kinetic energy, ii = du/dt, v = dv/dt, <i> = Xxu + Yyu + Zzu, 4' = Xx, + Yy, 
+ Zz,, X, Y, Z being the components of the force along the coordinate axes. See "Proceedings," 
§2. 
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CO = dv/du = EipjG<t> along the surface, which we shall call the direction 
of the force vector. 

2. Arbitrary point transformations. Consider any real representation of a 
surface 5 on a surface S, whereby a one-to-one correspondence is estab- 
lished between the points of the two surfaces. In such an arbitrary 
point transformation there is at least one real orthogonal set of curves 
on S which corresponds to a real orthogonal set on S.* If we choose the 
curves of these two orthogonal sets as parameter curves, and corresponding 
curves are assigned the same parameter value u or v, then corresponding 
points will have the same curvilinear coordinates u, v, and the elements of 
length are given by 

(4) ds' = Edu'' + Gdv\ dS" = Edv? + Gdv\ 

For the surface S we may set up the five types of differential equations 
(7), ■ • ■, (F), by merely writing A, B,C, u, yo, yi, 72, E, G, ^, ^t, for the 
corresponding letters in equations (7), •••, (7). Now, if (7) is to be 
converted into (7), it is necessary and sufficient that 

(5) A = A, B = B, C = C. 

But since these coefficients are arbitrary functions of u, v, v' , conditions 

(5) can always be satisfied. Similarly, if (77) is to be converted into (77), 
it is necessary and sufficient that 

(6) A = A, B = B, w = w. 

But since the coefficients are arbitrary functions, conditions (6) can always 
be satisfied. Hence we may state 

Theorem 1. An arbitrary point transformation will convert any 
system of curves with property I or any system of curves with properties I 
and II on S into a like system on S. 

3. Geodesic transformations. It is evident that an arbitrary point 
transformation will not convert (777) into (777). To find the most 
general point transformation that will make this conversion, we note that 
such a transformation must convert the part common to all_systems of 
type (777) into the part_common to all systems of_type (777). It is 
evident that H = and H = satisfy (777) and (777) respectively, and 
that the curves defined by these equations are the only proper curves 
satisfying all equations of these types. But the curves H = and H = 
are the geodesies on S and S respectively. Hence the desired transforma- 
tion must convert the geodesies on S into the geodesies on *S. Such a 

* See G. Scheffers, Anweadung der Differential- und Integral-Rechnung auf Geometrie, vol. 
2, p. 96. 
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transformation is called a geodesic transformation. In order that the 
geodesies on S and S should correspond, it is necessary and sufl&cient 
that the differential equations H = and fl" = be identical. We are 
thus led to the equations of condition 



(7) 



which must hold identically. We note _that this transformation will 
necessarily convert H into H and H' into H'. 

Now, if a geodesic transformation is to convert (III) into (77/), it 
is necessary and sufficient that 

(8) u = 03, 7o = To, 7i = 7i, 72 = 72- 

Since these coefficients are arbitrary functions of u, v, conditions (8) can 
always be satisfied. Hence, we have 

Theorem 2. The most general point transformation that converts any 
system of curves with properties 7, 77, 777 on S into a like system on S, is the 
geodesic transformation. 

Now, equation (7F) involves the quantities E and G, which are not 
arbitrary. But it is evident that conditions (7) and (8) are both necessary 
and sufficient in order that (7F) be converted into (IV). Hence, we have 

Theorem 3. The most general point transformation that converts any 
system with properties I, II, III, IV on S into a like system on S is the 
geodesic transformation. 

Since type (V) is a special form of type (777), the most general point 
transformation that would convert any system of dynamical trajectories 
on S into a like system on S must be the geodesic transformation. We 
shall now examine whether every such transformation actually does con- 
vert a system of dynamical trajectories into a like system. 

Dini first proved the theorem that if the real representation of a surface 
S on another S is geodesic, thre^ cases are possible: (i) *S^may be obtained 
from »S by a pure bending, i.e., S is applicable on S; (ii) S may be obtained 
from_*S by a simiUtude transformation with or without a bending; (Hi) S 
and S are Liouville surfaces.* Let us apply these results to type (V). 

(i) S is applicable on *S; then 

(9) E = E, G = G. 



* See Scheffers, ibid., vol. 2, p. 420. 
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For (F) to be converted into (7), corresponding coefficients must be 
equal. This leads to 

i! = ^ = l2 = ^ = i? 



and these conditions reduce to 





rPu_rPu 


<t>v <i>v 


and hence, 






(10) 


^ = 


ci, 



'4/ '4/ ^ 4^ 



where c is an arbitrary constant. We may take c = 1, since (f>, \p and 
c0, cip define the_same field of force. Conditions (10) can always be 
satisfied_since 4>, \p are arbitrary functions of u, v. 

(ii) S is obtained from S by a similitude transformation, i.e., the 
rectangular coordinates of corresponding points on the two surfaces are 
connected by the relations 

X = kx, y = ky, z = kz, {k = constant); 

then 

(11) E = ¥E, G = k^G. 

Again, if (F) is to be converted into (V), then, as in case (i), \p = \p, 
<f) = 4>. Hence, we have 

Theorem 4. Any system of dynamical trajectories on S is converted 
by a geodesic transformation intoja system of dynamical trajectories on S, 
provided S is applicable on S or S is applicable on a surface which can he 
obtained from S by a similitude transformation. The components of force 
on S and S are the same functions of the coordinates u, v. 

(Hi) S and S are Liouville surfaces. A Liouville surface is charac- 
terized by the fact that the element of length may be reduced to the form 

(12) ds^ = {U + V){du' + dv"), 

where C/ is a function of u only and V a function of v only.* The corre- 
sponding surface S has for element of length 

* To the Liouville surfaces belong, among others, the surfaces of constant curvature, the 
surfaces of revolution, and the quadrics. When the element of length can be written in the form 
(12), the parameter curves are geodesic eUipses and hyperbolas. Cf. L. P. Eisenhart, Differential 
Geometry, p. 215. For Liouville surfaces the finite equation of the geodesies may be found by 
simple quadratures. For a discussion of surfaces of this type, see Darboux, Lemons sur la Th6orie 
G§n6rale des Surfaces, vol. II, Chap. IX. 
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It is easily seen that ds^ has the Lieu ville form, for by a change of param- 
eters 

r du - r dv 

U = I -7=) V = I —==> 

J ^JU J ^J-V 

(13) takes the form 

ds' = -(^ + ^\{dM' + dTv^) = (U + V){du^ + (^2). 

Now, on the surface S defined by (12), type (7) takes the form 

(14) ()/' - <^v')H' = H{ai + a^v' + a^v'^ - S<t>v"), 
where 

ai = \(/u + jj I Y ' a2 = Wv — <Pu -\ u u- V — ' 

CI3 = — <pv — 



u + v 

On the surface S defined by (13), type (7) takes the form 

(15) (-^-^v')h' = H(&i + M' + hv" - Z^v"), 

where 

bi- IP +u^v' '^^ ~ V '^U{U+V)' 

7. _ Yii_^ _ lY^^ ±J>uUu 

Here 0, \l/ and 0, \p are arbitrary functions of u, v determining the force 
vectors on S and S respectively. Let us now see whether by a proper 
choice of and ip, equation (14) may be converted into equation (15). 
For such conversion, corresponding coefficients must be equal, i.e.. 



(16) 
Combir 


(f> U^ ' <t> 4> 4> 4> 
ling the first two conditions, we find 

rp ~ U ^ rP' 





&3 



Hence 

(17) ^ =ViU4', = - ViVck, 

where Vi is an arbitrary function of v only. Combining the first and 
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third condition, we find 

^ ~ V -^<i> ' 

and substituting the value of 4> found in (17), this becomes 

Vi = constant = c. 
Hence, 

(18) ^ = cUi{^, 4> = - cV<t>. 

By substitution we find that these relations satisfy the fourth condition. 
As in case {i) we may take c = 1, so that 

(19) ^ = Uxp, $ = - V<t>. 

These conditions can always be satisfied, since 4>, ^ are arbitrary functions 
of u, V. Hence, we have 

Theorem 5. A system of dynamical trajectories on a Liouville surface 
S is converted by a geodesicjransformation into a like system on the corre- 
sponding LiouvUle surface S. The components^ of force 0, if' on S and the 
components <i>, ip on S are related by ^ = U\p, et> = — V4>. 

Finally, combining Theorems 4 and 5, we may state 

Theorem 6. Any geodesic transformation of a surface S into a surface 
S will convert any system of dynamical trajectories on S into a like system 
on S; a geodesic transformation is the most general point transformation that 
makes this conversion possible. 

4. Conservative forces. If the field of force is conservative, then 
\pu = 0r. This condition is characterized geometrically by the fact that 
the conic of property III becomes a rectangular hyperbola.* The 
question arises: is a system of dynamical trajectories in a conservative 
field of force converted by a geodesic transformation into a like system? 
This may be answered in the affirmative for cases (i) and (w) in our dis- 
cussion of geodesic transformations, for, by Theorem 4, ^ = ;^, = <^; 
hence, if ^„ = <j>^, then ^„ = </>,. But for case (Hi), where S and S are 
Liouville surfaces, we have, by Theorem 5, ^ = U\p, ^ = — Vcj). Now if 
i^„ = <j>v and t/'u = 4>v, we must have 

(20) (U + V)4>. + UuiP + F.<^ = 0. 
Now, if W is the work function (negative potential), then 

= Tr„, ip = w, 

and (20) becomes the Laplacian equation 

♦"Proceedings," §9. 
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(21) (U +V)Wuv+ V,W. + UuW, = 0, 
or 

(22) [([/ + 7)TF]„, = 0, 
the solution of which is 

(23) {U + V)W = C7i + V^, 

where Ui is an arbitrary function of u alone, and Vi is an arbitrary func- 
tion of V alone. Hence, we may state 

Theorem 7. A geodesic transformation will convert a system of dy- 
namical trajectories in a conservative field of force on any surface S into a 
like system on S, provided Sis applicable on S, or S is applicable on a surface 
which may be obtained from S by a similitude transformation. A geodesic 
transformation will convert a system of dynamical trajectories in a conserva- 
tive field of force on a Liouville surface S into a like system on the corresponding 
Liouville surface S only if W, the work function, has the form 

W = (U^-{- Fi)/(C7+F), 

where Ui and Vi are arbitrary functions of u and v respectively. 

From equation (23) it is evident that there are no Liouville surfaces 
for which the transformation is possible if W is to be an arbitrary point 
function. 

5. "N" systems. If the field of force is conservative, we may study the 
transformations of certain types of oo^ curves on a surface other than 
dynamical trajectories. These systems, termed "n" systems,* are 
characterized by the differential equation 



(Vn) 



wh re 



= ^j (^ + Gv") ( 60 + e,v' + e,v" -^v"^ 
+ ^-^^—^ (fo + ry + ^,v") - (n - 2)(0 + ^v')v"^ 



_ 2^pEu+n(i>Ev G^I/u-^Gv ^ _ _ n^G^,+2ct>Gv 4,Ev-E<p^ 



2EG ^ G^ ' '' ~ 2EG ^ E^ 

_ {2-\-n)(^pE,-<l>Gu) Gxp^-^PG, <i>Eu-E<l>^ 
*^ 2EG "^ G!2 + ^2 

and 

_ <t>Eu _ 4>Gu ^ _ ypEy _ ypGy _ ipEu _ 4'Gu (t>Ev _ 4>Gv 

^'' ~ E G ' ^^ ~ E G ' ^^ ~ E G '^ E G 

and where 4>v = i^w 

♦"Proceedings," § 10. 
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An " n " system is a system of dynamical trajectories when n = 2, 
velocity curves when n = 0, brachistochrones when n = — 2, catenaries 
when n = 1. Even if the field is not conservative, equation (F„) may 
still be said to define " n" systems — dynamical trajectories, velocity 
curves, pseudo-brachistochrones, pseudo-catenaries. 

In " Proceedings " we have given five geometric properties — 7„, 77„, 
Illn, IV n, Vn — wMch Completely characterize such " n " systems. 
These properties are analogous to properties 7, • • •, V which characterize 
the trajectories under any positional field of force. In fact, 7 and 7„ are 
the same; to get 77„ we replace the equal angles in 77 by two angles whose 
tangents are in the ratio n + 1 : 3 ; 777 and 777 „ are the same — for the 
conservative case the conic must be a rectangular hyperbola; to get 7F„ 
and V„, we replace the multiple 3 in 7F and F by n + 1. Each of these 
properties together with the preceding may be characterized by dif- 
ferential equations (7„), • • •, (F„) similar to equations (7), • • •, (F). 

Equation (F„) is given above. The others are 

(7„) v'" = A + Bv" + Cv"\ 

(77„) .'" = A+ Bv" + -^—, I ^'-f,^+/"^^^ - 3 1 v"\ 

W — V \^ E -\- (jrV J 

(777 „) (co - v')H' = ^ I 70 + yiV + y^v'^ 

r (2-n)(E4- Go^v') _ ^-\^„\ 

L E + Gv'^ J r 

(co -v')H' = H\yo + Txi'' + y^v'^ 

\ {2-n){E+ Gc,v') _^1„\ 
L E + Gv'^ J J 



{IVn) 



To + 7i'«' + 7'2W^ = (w« + «cOi.) ~ ■^ I ~ 2^ 



. ( Gu Eu\ I ( Gv Ev\ ■> , _ „ 



Gu 

2E' 



The quantities A, B, C, w, 70, 7i, 72, 4', 4>, H, H' have the same significance 
as in the previous discussion. 

A study of equations (7„), • • •, (F„) similar to the study made of 
equations (7), • ■ •, (F) leads to the following results: 

1. Type (7„) alone is conserved under an arbitrary point transforma- 
tion. 

2. In order_that (77 „) be converted into (77„), it is necessary and 
sufficient that E/E = G/G, i.e., the transformation must be conformal. 



TRANSFORMATIONS OF TRAJECTORIES ON A SURFACE. Ill 

3. In order that (///„) be converted into {I I In), the transformation 
must be geodesic, but not every such transformation makes the^ desired 
conversion. Under case {i),E = E,G = G; and under case (n), E = ¥E, 
G = ¥G. These types of geodesic transformation evidently convert 
(77/ „) into (777 „). But under case {in), i.e., on Liouville surfaces, where 
E = G=U + V,a,ndi 



E 



= "(^+?)r ^ = (^+1)?' 



(777 „) is converted into (777„) if, and only if, 17 + F = 0, i.e., the element 
of length ds vanishes over the entire surface. Hence, a geodesic trans- 
formation on a Liouville surface will not make the desired conversion. 

4. A geodesic transformation of types (i)_and (n) will convert {IV n) 
into {IV n) and (F„) into (F„) with i/' = ^, </> = </.. 

Of course, the more general results of the earlier discussion hold for 
the case n = 2, i.e., dynamical trajectories. 

We may now state 

Theorem 8. An arbitrary point transformation will jconvert any 
system of curves with property I„ on S into a like system on S. The most 
general point transformation that will convert any system of curves with 
properties 7„, 77„ on S into a like system on S is the conformal transforma- 
tion. The most general point transformation that will convert systems of 
curves with properties I„, II n, 777„, or 7„, 77„, 777„, IV n, or 7„, 77„, 777„, 
IVn, Vn {i-e., an " n " system) on S into a like system_on S is the geodesic 
transformation under which S is applicable on S or S is applicable on a 
surface which can be obtained from S by a similitude transformation. Con- 
servative fields are converted into conservative fields. 

Massachtjsetts Institute of Technology, 
Cambridge, Mass., 
November, 1920. 



